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Abstract
We show that the discrete duals of the free orthogonal quantum groups have the
Haagerup property and the completely contractive approximation property. Anal-
ogous results hold for the free unitary quantum groups and the quantum automor-
phism groups of finite-dimensional C∗-algebras. The proof relies on the monoidal
equivalence between free orthogonal quantum groups and SUq(2) quantum groups,
on the construction of a sufficient supply of bounded central functionals for SUq(2)
quantum groups, and on the free product techniques of Ricard and Xu. Our re-
sults generalize previous work in the Kac setting due to Brannan on the Haagerup
property, and due to the second author on the CCAP.
Keywords : quantum group, weak amenability, Haagerup property, Drinfel’d double.
AMS 2010 Mathematics subject classification: 46L09, 46L65.
Introduction
The universal compact quantum groups O+F and U
+
F , called respectively the free orthog-
onal and free unitary quantum groups, were introduced by Van Daele and Wang [39]
as nonclassical compact quantum groups characterized by certain universality property
with prescribed actions. Banica [1] carried out a detailed analysis of the structure of the
representation category and C∗-algebras associated to these quantum groups. Regarding
approximation properties, Vaes and Vergnioux [37] obtained, from a study of the action of
the discrete dual FOF on its Martin boundary, the exactness and the Akemann–Ostrand
property of the reduced C∗-algebra C∗r (FOF ). This allowed them to infer the generalized
solidity of the von Neumann algebra L(FOF ) generated by C
∗
r (FOF ).
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In this paper, we focus on the operator space structure of universal compact quantum
groups. Recall that a C∗-algebra A is said to have the completely contractive approxima-
tion property (CCAP for short, also known as the complete metric approximation property,
or being weakly amenable with Cowling–Haagerup constant 1) if there is a net of com-
pletely contractive finite rank operators on A approximating the identity in the topology
of pointwise norm-convergence [14]. Analogously, if A is a von Neumann algebra, the
approximating maps are normal, and the convergence is with respect to the pointwise
σ-weak convergence, then A is said to have the W∗CCAP.
Our attention will mostly be concentrated on the free orthogonal quantum groups O+F
with F a complex matrix of size N satisfying FF ∈ RIN . Our main result, Theorem 17,
implies that the reduced C∗-algebra C∗r (FOF ), which we will also denote as Cr(O
+
F ), has
the CCAP. This generalizes previous results in the Kac-type case where F is the identity
matrix IN . Namely, Brannan [8] showed that the discrete quantum group FON has the
Haagerup property and the metric approximation property. Using a precursory idea of
this paper, the second author showed the CCAP of FOF when O
+
F is monoidally equivalent
to a Kac one O+m [19]. The approximation maps for the CCAP at hand are given by central
multipliers close to completely positive maps. Such operators behave well under monoidal
equivalence, passing to discrete quantum subgroups and taking free products (the latter
by adapting the technique of Ricard and Xu [33]). Combining this with results due to
Banica [2], Wang, and Brannan, this allows us to prove the CCAP for all FOF , all FUF ,
as well as the duals of all free automorphism groups of finite-dimensional C∗-algebras with
fixed states. Also the W∗CCAP for the associated von Neumann algebras follows.
The CCAP for FOF is interesting from several viewpoints. From the viewpoint of quantum
group theory, one is naturally led to the comparison of FOF with the free groups. Ever
since the seminal work of Haagerup [20], it has been found out that the free groups
Fn with n ≥ 2 enjoy many elaborate approximation properties although they fail to be
amenable, and it is natural to expect similar properties for FOF . However, the lack of
unimodularity brings in several obstacles if one tries to apply the established methods
developed for Fn. From the viewpoint of deformation rigidity theory, W
∗CCAP and its
variants are exploited to show the sparsity of Cartan subalgebras in the breakthrough
papers by Ozawa and Popa [29], and by Popa and Vaes [31]. Regarding FOF , recent
work of Isono [23] on a strengthened Akemann–Ostrand property established that the
von Neumann algebra L(FOF ) has no Cartan subalgebra provided it has the W
∗CCAP
and is not injective.
Our proof of the CCAP uses a holomorphicity argument on the Banach space of com-
pletely bounded multipliers. Roughly speaking, we proceed by finding a family of complex
numbers (bd(z))d∈N for z ∈ D = {z ∈ C | −1 < ℜ(z) < 1} satisfying the following condi-
tions.
(i) Denote by pd the projection of Cr(O
+
F ) onto the isotypic subspace of the irreducible
representation with spin d/2. We require that for each z ∈ D, there exists a com-
pletely bounded map Ψz on Cr(O
+
F ) such that Ψz =
∑
d bd(z)pd as a pointwise
2
norm-limit.
(ii) The map z 7→ Ψz is holomorphic in z as a map into the Banach space of completely
bounded maps.
(iii) The operator Ψt is ucp (unital completely positive) for t ∈ (−1, 1), and converges
to the identity as t→ 1 in the topology of pointwise norm-convergence.
(iv) There exists 0 < C < 1 such that
∑
d |bd(t)| ‖pd‖cb <∞ for all 0 < t < C.
Once one has (bd(z))d,z as above, normalized truncations of the operators Ψt can approxi-
mate Ψt when t is in the range 0 < t < C. Then, the analyticity implies that any Ψt with
−1 < t < 1 can be approximated by completely contractive finite rank operators. In the
context of discrete groups, the holomorphicity of completely bounded multipliers plays
a central role in the work of Pytlik and Szwarc [32], but it was Ozawa who conceived
what we need, namely, that the holomorphicity could be an essential substitute for the
Bozejko–Picardello type inequality, in his proof of weak amenability of hyperbolic groups
(see [10, second proof of Corollary 12.3.5]).
According to [5], O+F is monoidally equivalent to Woronowicz’s compact quantum group
SUq(2) [45] for an appropriate choice of q. A simple argument based on the linking
algebra of such an equivalence shows that the multipliers of the form Ψz can be transferred
between the reduced C∗-algebras of monoidally equivalent quantum groups. This enables
us to restrict the problem of finding the bd(z) to the case of SUq(2).
In the Kac-type case, questions of the above sort may be tackled from a classical viewpoint.
For example, central multipliers can be obtained by averaging arbitrary multipliers [26].
However, in the non-Kac-type case, the averaging affects the growth condition in a serious
way if we try to retain the positivity [11]. To find a proper bd(t) in the case of general q,
we will use a one parameter family of representations of the Drinfel’d double of SUq(2)
given by Voigt in his study of the Baum–Connes conjecture for FOF [41]. We should also
stress that our construction utilizes a purely quantum phenomenon, which degenerates in
the classical case of SU(2).
The final part of this paper is devoted to a short study of the relation between the central
states and the Drinfel’d double construction, aiming for a more conceptual understanding
of the above mentioned quantum phenomenon. It turns out that the complete positivity of
our multipliers is related to the nonclassical spectrum of characters of SUq(2) in a slightly
disguised subalgebra of the Drinfel’d double. In fact, even though SUq(2) is coamenable,
the double is no longer amenable, and this allows us to ultimately overcome the problem of
the characters of the free quantum groups having ‘too small’ norm in the reduced algebra,
as observed by Banica [2].
In the appendix by S. Vaes, it is shown that all L(FUF ) are full factors. As remarked
above, this allows one to infer that the L(FUF ) are factors without Cartan subalgebra,
for arbitrary invertible matrices F .
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1 Preliminaries
1.1 Compact quantum groups
Let G be a compact quantum group [38,46]. That is, we are given a unital Hopf ∗-algebra
(O(G),∆), together with a functional ϕ satisfying the invariance property
(id⊗ ϕ)∆(x) = ϕ(x)1 = (ϕ⊗ id)∆(x), x ∈ O(G)
and the state property: ϕ(1) = 1 and ϕ(x∗x) > 0 for all x ∈ O(G). We denote the
antipode of O(G) by S. As usual, we use the Sweedler notation ∆(x) = x(1) ⊗ x(2) to
express the coproduct in a convenient way.
The associated reduced C∗-algebra and von Neumann algebra are denoted respectively by
Cr(G) and L
∞(G). We also regard these operator algebras as the convolution algebras of
the dual discrete quantum group Ĝ, and hence also use the equivalent notations C∗r (Ĝ)
and L(Ĝ) interchangeably.
When G is a compact quantum group as above, a discrete quantum subgroup Ĥ of Ĝ is
given by a Hopf ∗-subalgebra O(H) ⊂ O(G).
The Woronowicz characters [46] are a distinguished family of unital algebra homomor-
phisms (fz)z∈C from O(G) into C satisfying the rules
fz(x(1))fw(x(2)) = fz+w(x), fz(x
∗) = f−z¯(x), (x, y ∈ O(G), w, z ∈ C).
The antipode squared S2 then satisfies
S2(x) = f1(x(1))x(2)f−1(x(3)).
The structure of O(G) can be captured by components of irreducible unitary corepresen-
tations. That is, there is a basis (u
(pi)
ij )pi,i,j of O(G) satisfying∑
k
u
(pi)
ik u
(pi)∗
jk = δij =
∑
k
u
(pi)∗
ki u
(pi)
kj , ∆
(
u
(pi)
ij
)
=
∑
k
u
(pi)
ik ⊗ u(pi)kj , S
(
u
(pi)
ij
)
= u
(pi)∗
ji .
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One may moreover choose the u
(pi)
ij so that fz satisfies fz(u
(pi)
ij ) = δijQ
z
pi,i for some positive
real numbers Qpi,i. In that case, one has
ϕ
(
u
(pi′)
ij u
(pi)∗
kl
)
=
δpi,pi′δjlδkiQpi,j
dimq(π)
, ϕ
(
u
(pi)∗
ij u
(pi′)
kl
)
=
δpi,pi′δikδjlQ
−1
pi,i
dimq(π)
, (1)
where dimq(π) =
∑
iQpi,i =
∑
iQ
−1
pi,i.
When π is an irreducible representation of G, the associated isotypic projection ppi is
defined by ppi(u
(pi′)
ij ) = δpi,pi′u
(pi)
ij . It extends to a completely bounded map on Cr(G), since
one can write
ppi(x) = (id⊗ ϕ)(∆(x)(1⊗ c∗pi)), (2)
where cpi = dimq(π)
∑
iQ
−1
pi,iu
(pi)
ii .
1.2 Monoidal equivalence
Two compact quantum groups G1 and G2 are said to be monoidally equivalent if their
representation categories are equivalent as abstract tensor C∗-categories. This implies the
existence of ∗-algebras O(Gr,Gs) for r, s ∈ {1, 2} and injective ∗-homomorphisms
∆trs : O(Gr,Gs)→ O(Gr,Gt)⊗O(Gt,Gs) (3)
satisfying obvious coassociativity conditions, with (O(Gr,Gr),∆rrr) = (O(Gr),∆r) and
the coactions ∆rrs and ∆
s
rs being ergodic [5]. Each of these ∗-algebras then contains
an isotypic subspace O(Gr,Gs)pi associated with each irreducible representation π of
Rep(G1) ∼= Rep(G2).
The ergodicity of the coactions implies that the ∗-algebras O(Gr,Gs) have distinguished
states given by averaging with the Haar state of Gr (or, equivalently, of Gs). The GNS-
construction produces reduced C∗-algebras Cr(Gr,Gs) and injective ∗-homomorphisms
extending (3), where the codomain is understood to be the minimal tensor product of the
relevant C∗-algebras.
1.3 Quantum SU(2) groups
Let q be a nonzero real number with |q| ≤ 1. In this paper we use the following presenta-
tion of SUq(2). The Hopf
∗-algebra O(SUq(2)) is generated by two elements α and γ with
the sole requirement that the matrix
U1/2 =
(
α −qγ∗
γ α∗
)
is a unitary corepresentation. The whole family of irreducible corepresentations ofO(SUq(2))
is then parametrized by half-integer weights d/2 for d ∈ N. Concretely, the one labeled
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by d/2 is represented on a Hilbert space Hd/2 of dimension d + 1, whose basis is labeled
by the half-integers −d/2,−d/2 + 1, . . . , d/2. We write the associated unitary matrix as
Ud/2 = [u
(d/2)
ij ] ∈ B(Hd/2)⊗O(SUq(2)). With respect to this indexing, the operator Qd/2
can be diagonalized as Qd/2,i = |q|2i.
Let (µd)d∈N denote the dilated Chebyshev polynomials of the second kind, determined by
the recurrence relation µ0(x) = 1, µ1(x) = x and xµk(x) = µk−1(x) + µk+1(x) for k ≥ 1.
Then, the quantum dimension of Ud/2 is given by
dimq(Ud/2) =
d/2∑
j=−d/2
|q|2j = µd(
∣∣q + q−1∣∣) (4)
for d ∈ N, while the classical dimension satisfies dim(Ud/2) = µd(2) [45].
As SUq(2) is co-amenable, its associated reduced and universal C
∗-algebra coincide, and
will be denoted by C(SUq(2)). It admits a faithful ∗-representation ρq on ℓ2(N)⊗ ℓ2(Z),
defined by
ρq(α)en ⊗ ek =
√
1− q2nen−1 ⊗ ek, ρq(γ)en ⊗ ek = qnen ⊗ ek−1.
The C∗-subalgebra of C(SUq(2)) generated by α is isomorphic to the Toeplitz algebra. It
can be characterized as the universal unital C∗-algebra with a single generator α satisfying
the commutation relation αα∗− q2α∗α = 1− q2 (see [21, Section 3]). By considering only
the first leg of ρq, we get a faithful representation of C
∗(α) on ℓ2(N), denoted by ρ0q .
1.4 Free orthogonal quantum groups
Let N > 2 be an integer, and let F be an invertible complex matrix of size N . Let O(O+F )
be the universal ∗-algebra generated by N2 elements (uij)16i,j6N such that the matrix
U = [uij ] is unitary and U = FUF
−1. Here, U denotes the component-wise adjoint
matrix [uij
∗] of U . Then O(O+F ) has the structure of a Hopf ∗-algebra with the coproduct
defined by
∆(uij) =
∑
k
uik ⊗ ukj.
This determines a compact quantum group called the free orthogonal quantum group O+F ,
introduced by Wang and Van Daele [39, 42]. The change of parameters F → λV FV t
for λ ∈ C× and V ∈ U(N) gives a naturally isomorphic quantum group. We will in-
terchangeably denote the associated reduced C∗-algebra by Cr(O+F ) and C
∗
r (FOF ), where
FOF stands for the discrete quantum group dual of O
+
F .
When F satisfies FF = ±IN , the compact quantum group O+F is monoidally equivalent to
SUq(2) for the q satisfying q + q
−1 = ∓Tr(F ∗F ) [5]. In particular, the irreducible repre-
sentations of O+F are also labeled by half-integers, and the associated quantum dimensions
are the same as in the SUq(2)-case.
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2 Central linear functionals
Let G be a compact quantum group. The space O(G)∗ of linear functionals on O(G) has
the structure of a unital associative ∗-algebra defined by
(φψ)(x) = (ψ ⊗ φ) ◦∆(x), ω∗(x) = ω(S(x∗)). (5)
Note that we take the opposite of the usual convolution product, to have nicer formulas
in Section 6.
Definition 1. A functional on O(G) is called central if it commutes with every element
in O(G)∗.
Clearly ω is central if and only if one has
ω(x(1))x(2) = ω(x(2))x(1), ∀x ∈ O(G).
It is easily seen that there is a one-to-one correspondence between central functionals and
functions π → ωpi ∈ C on the set of equivalence classes of irreducible representations of
G. Namely, to any central functional ω one associates the numbers
ωpi =
1
dim(π)
∑
i
ω
(
u
(pi)
ii
)
π ∈ Irr(G), (6)
while to any π → ωpi one associates the central functional u(pi)ij 7→ δijωpi. In the following,
we will use this identification without further comment.
For ω central, the slice map Tω = (ω ⊗ ı) ◦ ∆ on O(G) acts by multiplication by the
scalar ωpi on the π-isotypic component. Thus, Tω(x) can be written as
∑
pi ωpippi(x), which
is a finite sum for any x ∈ O(G). Conversely, any operator of the form ∑pi ωpippi is the
slice map of the central linear functional associated with π → ωpi. We call Tω the central
multiplier associated with ω.
We are interested in central multipliers which extend to completely bounded maps on
Cr(G). These central multipliers Tω enjoy particularly nice properties, analogous to the
Herz–Schur multiplier operators for locally compact groups. Such operators already ap-
peared in several works [8, 15], but we only need the following simple principle.
Assume that Tω is completely bounded with respect to the reduced C
∗-norm on O(G).
The reduced operator space norm on O(G) is a restriction of the operator space norm on
L∞(G), which is equal to the norm as the linear operator space dual of L∞(G)∗. Using
that O(G) is σ-weakly dense in L∞(G), and using that functionals of the form x 7→ ϕ(yx)
for y ∈ O(G) are norm-dense in L∞(G)∗, one infers that θ ◦ Tω extends to a normal
functional on L∞(G) for each θ ∈ L∞(G)∗, and that the formula
Mω : θ 7→ θ ◦ Tω
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defines then a completely bounded transformation on L∞(G)∗ with the cb-norm bounded
by that of Tω. Taking the adjoint map of Mω, we obtain a completely bounded normal
map on L∞(G), which extends Tω with the same cb-norm.
When Ĥ is a discrete quantum subgroup of Ĝ, the central functionals on O(G) restrict to
central functionals on O(H), with possibly better cb-norm bounds.
When G1 and G2 are monoidally equivalent, there is a canonical one-to-one correspon-
dence between their irreducible representation classes. This determines a canonical bi-
jective correspondence between central linear functionals by means of the identification
(6). In terms of multipliers, this means that if ω is a central linear functional on O(G1),
the operator Tω can be seen as acting on O(G2) by the same formula
∑
pi ωpippi . We still
denote by Tω this new operator on O(G2).
Proposition 2 ([19, Proposition 6.3]). With the above notations, the completely bounded
norms of Tω with respect to the reduced C
∗-algebras Cr(G1) and Cr(G2) coincide. In
particular, Tω is unital and completely positive on Cr(G1) if and only if it is unital and
completely positive on Cr(G2).
Definition 3. A discrete quantum group Ĝ is said to have the central almost completely
positive approximation property (central ACPAP for short) if there is a net of central
functionals (ψt)t∈I on O(G) such that
(i) For any t, the operator Ψt = Tψt on O(G) induces a unital completely positive (ucp)
map on Cr(G).
(ii) For any t, the operator Ψt is approximated in the cb-norm by finitely supported
central multipliers.
(iii) For any π ∈ Irr(G), limt∈I(ψt)pi = 1.
Proposition 2 implies that this property is preserved under monoidal equivalence.
Remark 4. When G is of Kac-type, the ACPAP condition (without requiring the centrality
assumption) is equivalent to the central ACPAP, as the Kac case allows one to make an
averaging process by a conditional expectation [26, Theorems 5.14 and 5.15].
Remark 5. The terminology above is motivated by the notion of completely positive ap-
proximation property: for coamenable Kac-type quantum groups such as SU±1(2), there
is a net of finitely supported and completely positive central multipliers approximating the
identity, which could be called the central completely positive approximation property.
Such approximating multipliers are a direct analogue of Følner sets for amenable discrete
groups. However, even for the SUq(2), one can no longer hope to produce such cen-
tral completely positive finite rank multipliers simply out of the coamenability, precisely
because of the monoidal equivalence with O+F , which is not coamenable!
Remark 6. Since the first condition implies (ψt)1 = 1 for the component of the trivial
representation, the maps Ψt of the above net extend to normal ϕ-preserving ucp maps
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on L(Ĝ) which approximate the identity in the pointwise convergence with respect to the
σ-weak topology on L(Ĝ). Moreover, condition (ii) implies that (ψt)pi is a c0-sequence
for any t. In particular, each Ψt induces a compact operator on L
2(G, ϕ) and we obtain
the Haagerup property for (L(Ĝ), ϕ). Here, given a von Neumann algebra M and a
faithful normal state ψ, (M,ψ) is said to have the Haagerup property if there is a net of
ψ-preserving normal completely positive maps (Ψt)t∈I on M such that the Ψt converge
to the identity in the topology of pointwise σ-weak convergence, and such that the Ψt
induce compact operators on L2(M,ψ) by the GNS-map of ψ for each t.
Remark 7. On the other hand, the representation of L(Ĝ) on L2(G, ϕ) is in standard
form, and for any t and ξ ∈ L2(G, ϕ) the formula x 7→ Ψt(x)ξ defines a compact map
from L(Ĝ) to L2(G, ϕ). It follows that L(Ĝ) has another variant of the Haagerup property
in the sense of [22].
Proposition 8. The central ACPAP implies the CCAP for discrete quantum groups.
Proof. Suppose that Gˆ has the central ACPAP, with a net (ψt)t∈I as in Definition 3.
Consider the product net J = I×N. For each (t, n) we choose a finitely supported central
multiplier Ψt,n satisfying ‖Ψt,n −Ψt‖ < 2−n. Putting Ψ˜t,n = (1+ 2−n)−1Ψt,n, we obtain a
net (Ψ˜t,n)(t,n)∈J of finite rank complete contractions (with respect to the reduced norm)
such that lim(t,n)∈J (Ψ˜t,n)pi = 1 for any π ∈ Irr(G). Then the net (Ψ˜t,n)(t,n) converges to
the identity on O(G) in the pointwise convergence topology with respect to the reduced
norm. By the density of O(G) inside Cr(G) and the uniform bound on the norms of the
Ψ˜t,n, we obtain the same convergence on Cr(G).
Remark 9. In the above construction we may modify Ψ˜t,n by replacing the component of
trivial representation (Ψ˜t,n)1 with 1. This way we obtain a net of normal ϕ-preserving
maps on L∞(G) which approximate the identity in the σ-weak pointwise convergence
topology and satisfy lim supt,n
∥∥Ψ˜t,n∥∥cb = 1. Thus, the von Neumann algebra L∞(G) has
the W∗-CCAP.
3 Central approximation for free orthogonal quan-
tum groups
We now turn to our main results. Recall that the µd are the dilated Chebyshev polyno-
mials. Motivated by the Kac-type case of [8], we will show that, for −1 < t < 1, the
multiplier operators Ψt on O(SUq(2)) given by
Ψt =
∑
d∈N
bd(t)pd, bd(t) =
µd(|q|t + |q|−t)
µd(|q|+ |q|−1)
, (7)
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extend to completely positive multipliers on C(SUq(2)) leading to the central ACPAP
(here, as in Introduction, pd denotes the projection onto the isotypic subspace of spin
d/2).
Proposition 10. For any q ∈ (−1, 1) \ 0 and −1 < t < 1, there is a central state ψt on
C(SUq(2)) such that (id⊗ ψt)∆ equals Ψt.
Proof. First, since bd(t) is an even function in t, we may assume 0 6 t < 1. We consider
a representation πz of C(SUq(2)) constructed
1 in [41, Section 4]. Let O(SUq(2)/T) ⊆
O(SUq(2)) denote the linear span of the u(d)i0 for d ∈ N and −d/2 6 i 6 d/2.
For every z ∈ C, there is an action πz of O(SUq(2)) on O(SUq(2)/T) defined by
πz(x)y = f1−z(S(x(2)))x(1)yS(x(3)).
For any sequence of positive numbers (Mk)k∈N, we can define a new inner product 〈·, ·〉M
on O(SUq(2)/T) by 〈
u
(l)
j0 , u
(k)
i0
〉
M
=
δklδijMk
Qk,i dimq(π)
(k, l ∈ 1
2
N),
where Qk,i is the component of the Woronowicz character. When Mk = 1, this is the
usual inner product induced by ϕ.
For any t ∈ [0, 1], with the choice M (t)k =
∏
l≤km(1 − t, l) in the notation of [41, Sec-
tion 4], the content of [41, Lemma 4.3] could be equivalently stated as that πt becomes a
∗-representation with respect to 〈 · , · 〉M (t). It is necessarily bounded as O(SUq(2)) is gen-
erated by the components of a unitary matrix, hence it extends to a ∗-representation ωt of
C(SUq(2)) on the Hilbert space completion Ht of O(SUq(2)/T) with respect to 〈 · , · 〉M (t)
(recall that C(SUq(2)) is as well the universal C
∗-envelope of the ∗-algebra O(SUq(2))).
Let ψt be the vector state ψt(x) = 〈ωt(x)u(0)00 , u(0)00 〉M (t) on C(SUq(2)) associated with the
element u
(0)
00 ∈ O(SUq(2)/T). As M (t)0 = 1, we have
ψt(x) = f1−t(S(x(2)))ϕ(x(1)S(x(3))).
Using the basic identities from Section 1, we compute
ψt(u
(d/2)
ij ) =
∑
k,l
f1−t
(
S
(
u
(d/2)
kl
))
ϕ
(
u
(d/2)
ik S
(
u
(d/2)
lj
))
=
∑
k
δijQ
t−1
d/2,k
Qd/2,k
dimq(Ud/2)
(by (1))
=
µd(|q|t + |q|−t)
µd(|q|+ |q|−1)
δij (by (4)).
Comparing the above with (7), we obtain the assertion.
1One should note that this parametrization of piz is different from the one of [41] by z ↔ 1− z.
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The next theorem can be interpreted as the uniform boundedness of the representations
πz for z ∈ D, the strip formed by complex numbers with real part between −1 and 1.
Theorem 11. For any q ∈ (−1, 1) \ 0, there is a holomorphic map z 7→ θz from D to
the space of bounded central functionals on C(SUq(2)), such that the induced completely
bounded map Θz = (θz ⊗ ı) ◦∆ is a nonzero positive scalar multiple of Ψt when z = t ∈
(−1, 1).
In order to prove this theorem, we investigate the representations ωt which appeared in
the proof of Proposition 10 in more detail in a series of lemmas. In the sequel, we will
keep using the notations of the proof of Proposition 10.
Recall the representation ρq of C(SUq(2)) on ℓ
2(N) ⊗ ℓ2(Z). Let V denote the isometry
ℓ2(N)→ ℓ2(N)⊗ℓ2(Z) given by ξ → ξ⊗e0. Then the formula E(T ) = (V ∗TV )⊗1 defines
a conditional expectation from B(ℓ2(N) ⊗ ℓ2(Z)) onto B(ℓ2(N)) ⊗ 1. The restriction of
E to ρq(C(SUq(2)) can be considered as a conditional expectation from C(SUq(2)) onto
C∗(α). More conceptually, it can be defined as the averaging with respect to the scaling
group of SUq(2) generated by the square of the antipode. Concretely, E on C(SUq(2))
can be expressed as E(u
(d/2)
ij ) = δiju
(d/2)
ii . From this description, we obtain the following
lemma.
Lemma 12. Let ψ be a central state on C(SUq(2)). We have ψ(x) = ψ(E(x)).
Lemma 13. For any −1 < t < 1, we have ωt(q−1α + qα∗)u(0)00 = sgn(q)(|q|t + |q|−t)u(0)00 .
Proof. This follows from a direct computation, using the definition of ωt and the formulas
in Section 1.
We let Kt denote the closed span of ωt(C∗(α))u(0)00 in Ht. We denote the representation of
C∗(α) on Kt induced by ωt as ω0t .
Lemma 14. For any −1 < t < 1, the ∗-representation ω0t of C∗(α) is unitarily equivalent
to ρ0q (cf. Subsection 1.3).
Proof. It is well-known that any irreducible representation of the Toeplitz algebra is ei-
ther a character or is isomorphic to ρ0q . Hence Ht splits into a direct sum of C∗(α)-
representations H(0)t ⊕ H(1)t , where H(0)t is an amplification of ρ0q and H(1)t consists of a
direct integral of characters. By Lemma 13, it follows immediately that u
(0)
00 ∈ H(0)t . Thus,
ω0t is an amplification of ρ
0
q. Moreover, as Kt is contained in the closed linear span of the
u
(d)
00 , the tridiagonal form of ωt(α) on that span (cf. [41]) implies that ker(ω
0
t (α)) is at
most one-dimensional. Consequently, ω0t is equivalent to ρ
0
q itself.
Before embarking on the proof of Theorem 11, let us introduce some notations from the
theory of q-special functions (see e.g. [25] for details). Given parameters q, x, and a
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nonnegative integer k, we set
(x; q)k = (1− x)(1− xq) · · · (1− xqk−1),
with the convention (x; q)0 = 1. For any pair of nonnegative integers k 6 n, the q-binomial
coefficient is given by [
n
k
]
q
=
(q; q)n
(q; q)k(q; q)n−k
.
With x = y + y−1, the continuous q-Hermite polynomials (in dilated form) are given by
Hn(x; q) =
n∑
k=0
[
n
k
]
q
y(n−2k).
This corresponds to Hn((x/2) | q) in the notation of [25, Section 3.26]. They satisfy the
recurrence relation
xHn(x; q) = Hn+1(x; q) + (1− qn)Hn−1(x; q). (8)
Proof of Theorem 11. For the sake of simplicity we assume that q is positive. The general
case be handled in the same way by simply replacing all occurrences of q by |q|.
For each −1 < t < 1, consider
pn(t) =
qn√
(q2; q2)n
Hn(q
t + q−t; q2) =
qn√
(q2; q2)n
n∑
k=0
[
n
k
]
q2
qt(n−2k). (9)
Since the sequence (q2; q2)k monotonically decreases to some nonzero numberD as k →∞,
the right hand side of the above can be bounded byD−5/2q(1+t)n
∑n
k=0 q
−2tk < D′q(1+t)n−2nt
for another constant D′. Since one has t < 1, the sequence (pn(t))n∈N is square summable.
Moreover, (8) implies that
(qt + q−t)pn(t) =
(qt + q−t)qn√
(1− q2) · · · (1− q2n)Hn(q
t + q−t; q2)
=
qn
√
1− q2(n+1)√
(q2; q2)n+1
Hn+1(q
t + q−t; q2) +
qn
√
1− q2n√
(q2; q2)n−1
Hn−1(qt + q−t; q2)
= q−1
√
1− q2(n+1)pn+1(t) + q
√
1− q2npn−1(t).
This implies that the vector ηt =
∑
pn(t)en ∈ ℓ2(N) is an eigenvector of ρ0q(q−1α + qα∗)
with eigenvalue qt + q−t. Lemmas 13 and 14 imply that there exists Ct > 0 such that
Ctψt(x) = 〈ρ0q(E(x))ηt, ηt〉, ∀x ∈ C(SUq(2)).
Note that the right-hand side of (9) is an expression in t which is positive for real t. If
we replace t by z = t + is for s ∈ R, each term qz(n−2k) has modulus not greater than
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qt(n−2k). Since we already know the ℓ2-convergence of (pn(t))n∈N for −1 < t < 1, we
obtain the ℓ2-convergence of (pn(z))n∈N for arbitrary −1 < ℜ(z) < 1. Now, the vectors
ηz =
∑
n pn(z)en ∈ ℓ2(N) is holomorphic in the variable z. For example, one can directly
see this from the estimate
|∂zpn(z)| 6 D− 52
n∑
k=0
|n− 2k| q(1+ℜ(z))n−2ℜ(z)k
for n ∈ N. The right hand side above is yet again bounded by D−5/2n2q(1−ℜ(z))n, which
is certainly square summable in n. It follows that the bounded functionals θz on C
∗(α)
defined by θz(x) = 〈ρ0q(x)ηz, ηz〉 depend holomorphically on z. By composing these with
E, we obtain a holomorphic family of functionals on C(SUq(2)), which is again denoted
by (θz)z∈D. Setting Cz =
∑
n pn(z)
2, we have the equality
θz
(
u
(d/2)
ij
)
= Czδij
µd(q
z + q−z)
µd(q + q−1)
.
for z = t ∈ (−1, 1). Since both sides are holomorphic in z and agree on the interval (−1, 1),
we obtain the equality for all −1 < ℜ(z) < 1. In particular, θz is central. Finally, when
t ∈ (−1, 1), the number Ct is a strictly positive real number by the expression (9).
The next two lemmas allow us to connect Theorem 11 with the central ACPAP of free
orthogonal groups.
Lemma 15. The completely bounded norm of pd is bounded from above by µd(|q+ q−1|)2.
Proof. In general, for any compact quantum group G and any irreducible representation
π, formula (2) implies that the cb-norm of ppi is bounded by the norm of the quantum
character dimq(π)
∑
iQ
−1
pi,iu
(pi)∗
ii . One sees that the latter quantity is bounded by dimq(π)
2
using Tr(Q−1pi ) = Tr(Qpi) = dimq(π). Since we have dimq(πd/2) = µd(|q + q−1|), we obtain
the assertion.
Lemma 16 (cf. [8, Proposition 4.4]). Let q be a real number satisfying 0 < q < 1, and let
z be a complex number satisfying 0 < ℜ(z) < 1. We have the estimate∣∣∣∣µd(qz + q−z)µd(q + q−1)
∣∣∣∣ = O(qd(1−ℜ(z))) (d→∞).
Proof. From the recurrence relation of the Chebyshev polynomials, we see that
µd(q
z + q−z) = qdz + q(d−2)z + · · ·+ q−dz = q
(d+1)z − q−(d+1)z
qz − q−z (10)
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for any complex number z. By ℜ(z) > 0, one has qdz → 0 while q−dz → ∞ as d → ∞.
Thus, we have the estimate∣∣∣∣µd(qz + q−z)µd(q + q−1)
∣∣∣∣ = ∣∣∣∣q(d+1)z − q−(d+1)zqz − q−z
∣∣∣∣ · ∣∣∣∣ q − q−1qd+1 − q−(d+1)
∣∣∣∣
∼
∣∣∣∣ q − q−1qz − q−z
∣∣∣∣ · ∣∣∣∣q−(d+1)zq−(d+1)
∣∣∣∣ = O(qd(1−ℜ(z))).
This proves the assertion.
Theorem 17. Let F be an invertible matrix of size N satisfying FF ∈ RIN . The discrete
quantum group FOF has the central ACPAP.
Proof. Consider the multiplier operators Ψt =
∑
d bd(t)pd/2 on O(O+F ) given by the se-
quence (bd(t))d as in (7). We claim that the operators Ψ
3
t =
∑
d bd(t)
3pd/2 for 0 < t < 1
give a desired net of central multipliers approximating the identity as t → 1. First, by
definition, condition (iii) of Definition 3 is readily satisfied. Let q ∈ (−1, 1) be such that
SUq(2) is monoidally equivalent to O
+
F (the case q = ±1 being obvious, cf. the Introduc-
tion). Proposition 2 implies that it is enough to check conditions (i) and (ii) for Ψ3t acting
on Cr(SUq(2)).
Proposition 10 implies condition (i). It remains to prove condition (ii). Lemmas 15 and 16
imply that (bd(t)
3 ‖pd‖cb)d∈N is absolutely summable for 0 < t < 0.3. In particular, Ψ3t is
approximated by finitely supported central multipliers in the cb-norm when t is in this
range.
It follows that the holomorphic map Θ3z from D to the space M of completely bounded
multipliers given by Theorem 11 remains in the cb-norm closure M c0 of finitely supported
central multipliers when z ∈ (0, 0.3). Since any nontrivial holomorphic function in one
variable has isolated zeros, Θ3z regarded as a map into the Banach space M/M
c
0 must be
trivial. Thus, we obtain Ψ3t ∈M c0 for arbitrary 0 < t < 1.
Remark 18. When 0 < |q| 6 1/√3, the cb-norm of the projections pd are actually dom-
inated by a quadratic polynomial in d [19, Theorem 5.4]. Combining this with the ex-
ponential decay of bd(t) for 0 6 t < 1, one obtains another proof of Theorem 17 for
the matrices F ∈ MN (C) of size N > 2 satisfying FF ∈ RIN , directly from Proposi-
tion 10. However, we need the full generality of Theorem 17 for the later application in
Theorem 25.
Remark 19. A well known strategy to construct a net of c0 completely positive multipliers
approximating the identity is to use the Le´vy process (e−tψ)t>0 associated with a condi-
tionally positive functional ψ of large growth. Le´vy processes on SUq(2) were studied
by Schu¨rmann and Skeide in the 90’s ([35], etc.). However, it seems difficult to find a
conditionally positive functional with both the centrality and large growth directly from
their presentation. The centrality can be achieved by “averaging” with respect to the
adjoint action, but for quantum groups of non-Kac-type, this operation can affect the
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growth estimate and condition (iv) in the Introduction may not hold anymore after such
an operation [11].
4 Complements on universal quantum groups
4.1 Free products
Let us briefly review the free product construction of quantum groups, mainly from [42].
Let G1 and G2 be two compact quantum groups, and write O(Gi)◦ = ⊕pi∈Irr(G)\1O(Gi)pi
for the orthogonal complement of the unit with respect to the Haar state. Then the
free product of the unital ∗-algebras O(G1) and O(G2) (with respect to the Haar states)
can be realized as the direct sum of C and all the possible alternating tensor products
of O(G1)◦ and O(G2)◦, i.e. those whose adjacent tensor factors are distinct. It carries
a natural structure of Hopf ∗-algebra, containing both O(G1) and O(G2) as Hopf ∗-
subalgebras. In the following we write O(G1) ∗rO(G2) for this free product. As the Haar
state on this free product is the free product of the Haar states, the reduced C∗-algebra
Cr(G) associated to O(G) = O(G1)∗rO(G2) coincides with the C∗-algebraic reduced free
product (Cr(G1), ϕ1) ∗r (Cr(G2), ϕ2).
The irreducible unitary corepresentations of O(G1) ∗r O(G2) are given by
π1 ⊗ π2 ⊗ · · · ⊗ πn
(
πj ∈ (Irr(G1) \ 1)
∐
(Irr(G2) \ 1)
)
(11)
for n ∈ N, such that if πj is in Irr(G1) then πj+1 is in Irr(G2) and vice versa. The case
n = 0 corresponds to the trivial representation, and in general the spectral subspace
corresponding to (11) is given by O(Gj1)pi1 ⊗ · · · ⊗ O(Gjn)pin, where the jk ∈ {1, 2}
satisfies πjk ∈ Irr(Gjk). The dual discrete quantum group represented by O(G1) ∗rO(G2)
is denoted by Ĝ1 ∗ Ĝ2, and called the free product of Ĝ1 and Ĝ2.
Monoidal equivalence is compatible with free products. Indeed, if compact quantum
groups Gi and Hi are monoidally equivalent for i = 1, 2, the universality of free products
implies that the free product O(G1,H1) ∗r O(G2,H2) with respect to the invariant states
admits a left coaction ofO(G1)∗rO(G2) and a right coaction ofO(H1)∗rO(H2). Analogous
to the case of function algebra, the spectral subspace corresponding to (11) is given by
O(Gj1 ,Hj1)pi1 ⊗ · · · ⊗ O(Gjn ,Hj1)pin. In particular, the coactions of the free product
algebras are both ergodic. This provides a linking algebra between the free product
quantum groups.
4.2 Free unitary quantum groups
Let N > 2 be an integer, and F ∈MN (C) invertible. The free unitary quantum group U+F
associated with F is given by the Hopf ∗-algebra O(U+F ) which is universally generated by
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the elements (uij)16i,j6N subject to the condition that the matrices U = [uij] and FUF
−1
are unitary in MN (O(U+F )). The structure of U+F does not change under transformations
of the form F → λV FW for λ ∈ C× and V,W ∈ U(N).
Banica showed the following properties of O(U+F ) [2]:
(i) The irreducible unitary representations of U+F are labeled by the vertices of the
rooted tree N ∗ N.
(ii) When FF ∈ RIN , there is an inclusion of discrete quantum groups FUF → Z∗FOF
given by the Hopf ∗-algebra homomorphism
O(U+F )→ O(U(1)) ∗r O(O+F ), uij 7→ z · uij.
Here, z denotes the coordinate function on U(1) ⊂ C.
In fact, a free unitary quantum group U+F is always monoidally equivalent to another one,
U+Q, with Q ∈ M2(C) satisfying QQ ∈ RI2. Rescaling F so that it satisfies Tr(FF ∗) =
Tr((FF ∗)−1), the Q can be taken as the off-diagonal matrix with coefficients q
1
2 and q−
1
2
characterized by q + q−1 = Tr(FF ∗) [5, Section 6].
For a general matrix F ∈MN(C), Wang showed the following structural results [44]: the
free orthogonal quantum group FOF admits a presentation as a free product
FOF ≃ FUP1 ∗ · · · ∗ FUPm ∗ FOQ1 ∗ · · · ∗ FOQn, (12)
where Pi and Qj are appropriate matrices of smaller size satisfying QiQi ∈ RINi .
4.3 Quantum automorphism groups
Let (B,ψ) be a pair consisting of a finite-dimensional C∗-algebra and a state on it. The
compact quantum automorphism group of (B,ψ) [3, 43] is defined as the universal Hopf
∗-algebra O(Aaut(B,ψ)) which can be endowed with a coaction
β : B → B ⊗O(Aaut(B,ψ))
such that (ψ ⊗ ι) ◦ β(x) = ψ(x)1 for x ∈ B.
Let m : B ⊗ B → B be the product map. A state ψ is said to be a δ-form if m ◦m∗ is
equal to δidB for some δ > 0, where m
∗ is the adjoint of m with respect to the GNS-inner
products associated with the states ψ ⊗ ψ on B ⊗ B and ψ on B [3].
Proposition 20. Assume that ψ is a δ-form on a finite-dimensional C∗-algebra B. Then,
the quantum group Aaut(B,ψ) is monoidally equivalent to SOq(3) for the q satisfying
(q + q−1) = δ.
Proof. This follows from the combination of [17, Section 9.3] and [36].
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The following result is due to Brannan but did not appear in the litterature. We therefore
include a proof for the sake of completeness.
Proposition 21 (Brannan). Let B be a finite-dimensional C∗-algebra and let ψ be a state
on it. Let B = ⊕ki=1Bi be the coarsest direct sum decomposition into C∗-algebras such that
the normalization of ψ|Bi is a δi-form for some δi for each summand. Then, Âaut(B,ψ)
is isomorphic to the free product ∗ki=1Âaut(Bi, ψi), where ψi is the state on Bi obtained by
normalizing ψ|Bi.
Remark 22. Note that the restricted normalization of ψ to each simple block of B auto-
matically gives some δ-form, hence the above direct sum decomposition exists.
Proof. For each i, put Hi = L
2(Bi, ψi). Similarly, put H = L
2(B,ψ). The assumption
that ⊕iBi is a coarsest decomposition as in the assertion implies that the eigenvalues
of m ◦ m∗ on Hi are different for distinct i. As m is an intertwiner, it follows that H
decomposes into a direct sum of the Hi as a representation of A
aut(B,ψ). For each i,
the coaction Hi → Hi ⊗O(Aaut(B,ψ)) is given by an algebra homomorphism preserving
the state ψi. It follows that there is a Hopf ∗-algebra homomorphism O(Aaut(Bi, ψi))→
O(Aaut(B,ψ)) covering this coaction. Then, the direct sum H admits a coaction β ′ of
O(Aaut(B1, ψ1))∗r · · ·∗rO(Aaut(Bk, ψk)). By the universality of free product construction,
one obtains a homomorphism
O(Aaut(B1, ψ1)) ∗r · · · ∗r O(Aaut(Bk, ψk))→ O(Aaut(B,ψ)).
Conversely, the coaction β ′ is implemented by a ψ-preserving ∗-homomorphism. Thus, it
induces a Hopf ∗-algebra homomorphism
O(Aaut(B,ψ))→ O(Aaut(B1, ψ1)) ∗r · · · ∗r O(Aaut(Bk, ψk)),
which is inverse to the above homomorphism.
5 Approximation properties for free quantum groups
Let G be a compact quantum group and let Ĥ be a discrete quantum subgroup of Ĝ.
Since the complete boundedness and complete positivity of central multiplier operators
on O(G) pass to the subalgebra O(H), one has the following lemma.
Lemma 23. The central ACPAP is preserved under taking discrete quantum subgroups.
A little more involved is the permanence of under free products, which is shown by a
direct adaptation of a result due to Ricard and Xu [33].
Proposition 24. The central ACPAP is preserved under taking free products.
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Proof. We follow the argument of [33, Proposition 4.11]. Let Ĝ and Ĥ be discrete quantum
groups with the central ACPAP, and (Φi)i∈I , (Ψj)j∈J be corresponding nets of central
ucp multipliers. Since each of the Φi (resp. Ψj) is a unital multiplier on Ĝ (resp. on
Ĥ), it preserves the Haar state. Thus, we obtain a free product ucp map Φi ∗ Ψj [6] on
Cr(G) ∗r Cr(H) For any pair (i, j) ∈ I × J .
Let A = O(G) ∗r O(H). For each d ∈ N, let Ad be the homogeneous part of degree d
in A (that is, the direct sum of all the d-fold alternating tensor products of O(G)◦ and
O(H)◦). Let Pd be the projection from A onto Ad. From [33, Section 3], we know that
the map Tr =
∑
rdPd is ucp for 0 6 r < 1, and that one has the estimate∥∥∥∥∥
∞∑
d=n+1
rdPd
∥∥∥∥∥
cb
6
4nrn
(1− r)2 .
We claim that a subnet ((Φi ∗Ψj)Tr)(i,j,r)∈I×J×R+ satisfies the desired conditions in Defi-
nition 3.
Since both of (Φi ∗Ψj) and Tr are given by a central ucp multipliers of Ĝ ∗ Ĥ, so is their
composition (Φi ∗Ψj)Tr. Thus, it is enough to show that it can be approximated by finite
rank central multipliers in the cb-norm. For simplicity, we write Φ = Φi, Ψ = Ψi, and fix
an error tolerance δ > 0.
Letting r = 1− 1√
N
, we can find a large enough N such that (4NrN)(1− r)−2 < δ. Then,
EN = (Φ ∗Ψ)
(
N∑
d=0
rdPd
)
satisfies ‖(Φ ∗Ψ)Tr −EN‖cb < δ.
For any ǫ > 0, we can choose a finite rank central multiplier Φ0 on Ĝ, which is ǫ-close to
Φ in the cb-norm. Then, the norms of Φ− Φ0 in B(L2(O(G), ϕ)) and B(L2(O(G)op, ϕ))
are also bounded by ǫ. Similarly, we choose a finite rank central multiplier Ψ0 on Ĥ with
the same condition. Applying [33, Lemma 4.10] to T1,k = Φ0 and T2,k = Ψ0 (independent
of k), one sees that the cb-norm of Φ0 ∗Ψ0 is bounded by (2d+ 1)(1 + ǫ)d on Ad. Then,
DN =
∑
d6N r
d(Φ0 ∗ Ψ0)Pd is finite-rank, completely bounded and is implemented by a
central multiplier. The cb-norm of EN −DN is bounded by
N∑
d=1
4d2dǫ
by [33, proof of Proposition 4.11]. Thus, if we choose ǫ small enough (depending on N),
we can make ‖(Φ ∗Ψ)Tr −DN‖cb smaller than 2δ. This proves the assertion.
Using the above results, we can extend Theorem 17 to the following universal quantum
groups.
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Theorem 25. When G is one of the following compact quantum groups, Ĝ has the central
ACPAP.
(i) SUq(2) or SOq(3) for any q ∈ [−1, 1] \ {0},
(ii) O+F or U
+
F for any matrix F ,
(iii) Aaut(B,ψ), for any finite-dimensional C∗-algebra B and any state ψ.
Proof. The case of SUq(2), and more generally of the O
+
F with FF ∈ RIN , are already
proved in Theorem 17. By Lemma 23, we obtain the case for SOq(3).
Since Z = Û(1) is amenable, Proposition 24 implies that Z ∗FOF has the central ACPAP
when F satisfies FF ∈ RIN . Again by Lemma 23, we obtain the central ACPAP for FUF
with such an F .
For a general FUF , the central ACPAP follows from the monoidal equivalence with FUG
for a suitable chosen G satisfying GG ∈ RIN . Then, Proposition 24 and the decomposi-
tion (12) implies the case for a general FOF .
Similarly, the central ACPAP for Aaut(B,ψ) when ψ is a δ-form follows from the monoidal
equivalence with SOq(3). Then, the general case follows from Propositions 21 and 24.
Consequently, for the above quantum groups, the reduced C∗-algebra C∗r (Ĝ) and the
von Neumann algebra L(Ĝ) have the Haagerup property relative to the Haar state, and
the (W*)CCAP. Note that this was known as for the quantum groups above which are
monoidally equivalent to a quantum group of Kac-type, by [8], [9] and [19]. We can
now answer in the affirmative the question on (W∗)CCAP raised at the end of Section 1
in [23]. Recall that a Cartan subalgebra in a von Neumann subalgebra is a maximal
commutative subalgebra whose normalizer generates the whole von Neumann algebra.
Now, Theorem 25 and the results of [24] implies the following structure result.
Proposition 26 ([24, Corollary C]). Any of the following von Neumann algebras has no
Cartan subalgebras if it is noninjective.
(i) L(FUF ), for any matrix invertible F ∈MN (C),
(ii) L(FOF ), for F satisfying FF ∈ RIN ,
(iii) L∞(Aaut(B,ψ)), for a δ-form ψ on a finite-dimensional C∗-algebra B.
We note that various related structural results on these von Neumann algebras are previ-
ously known; in particular, the (genaralized) solidity which follows from the exactness and
the Akemann–Ostrand property was already known for the free unitary quantum groups,
the free orthogonal quantum groups [37, 40], and the Kac-type quantum automorphism
groups [9].
In fact, the non-injectivity assumption is redundant for the case of FUF , as follows from
Theorem 34, a result due to S. Vaes. Let us record this fact as a separate corollary.
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Corollary 27. Let F ∈MN (C) be an invertible matrix. Then the von Neumann algebra
L(FUF ) has no Cartan subalgebra.
Note also that for a matrix F with FF 6∈ RIN , the quantum group FOF is a nontrivial free
product, and then [7, Theorem A] already tells us that there is no Cartan subalgebra in
L(FOF ). When the size of F is 2, L(FU
+
F ) is isomorphic to a free Araki–Woods factor [16]
and does not have a Cartan subalgebra by [22].
The von Neumann algebra L(FOF ) is known to be full, hence noninjective, when F
satisfies ‖F‖2 6 Tr(FF ∗)/√5 [37]. However, in the full generality the noninjectivity of
L(FOF ) seems to be unsettled (note that the problem of whether the injectivity implies
the coamenability of a compact quantum group is still open). For now, let us give just
another sufficient condition for the noninjectivity of free orthogonal quantum groups.
Proposition 28. Let F be a matrix of size N satisfying Tr(FF ∗) = Tr((FF ∗)−1). The
von Neumann algebra L(FOF ) is not injective if F satisfies N
2 > Tr(FF ∗) + 2.
Proof. By Connes’s theorem [13], a von Neumann algebra M on a Hilbert space H is
injective if and only if the map
M ⊗alg M ′ → B(H), x⊗ y 7→ xy
is continuous with respect to the injective norm.
In general, when G is a compact quantum group, there is a natural isomorphism from
L∞(G) to L∞(G)′ given by x 7→ JJˆxJˆJ . Here, J is the modular conjugation of L∞(G)
and Jˆ is the one for L(G). These operators can be determined by the formulas
JΛϕ(x) = f 1
2
(x∗(1))f 1
2
(x∗(3))Λϕ(x
∗
(2)), JˆΛϕ(x) = f− 1
2
(x∗(1))f 1
2
(x∗(3))Λϕ(S(x
∗
(2))) (x ∈ O(G)).
When x ∈ O(G), we can consider the operator Ad(x) = x(1)JJˆx(2)JˆJ on L2(G, ϕ). Using
the above formulas, if (u
(pi)
ij ) is an irreducible representation of G presented as in Section 1,
we see that its character χpi =
∑
i u
(pi)
ii satisfies
Ad(χpi)Λϕ(1) =
∑
i,j
Q−1pi,jΛϕ
(
u
(pi)
ij u
(pi)∗
ij
)
.
If we take the inner product of this vector with Λϕ(1), we obtain dim(π)
2/ dimq(π). Hence
if L∞(G) is injective, we have the state
χpi 7→ dim(π)
2
dimq(π)
(13)
on the closure of the character algebra inside Cr(G).
Now, consider the case of G = O+F with the defining representation π = π1/2. By Banica’s
results [3, Proposition 1 and Theorem 1], we know that the associated character χ1/2 has
20
norm 2 in Cr(G). Hence, with µd denoting again the dilated Chebyshev polynomials,
χd/2 = µd(χ1/2) has norm µd(2) = d+ 1. On the other hand,
dim(πd/2) = µd(N) and dimq(πd/2) = µd(Tr(F
∗F )),
by the normalization condition on F . From the asymptotic behavior (10) of the Chebyshev
polynomials,
dim(pid/2)
2
dimq(pid/2)
has the same asymptotics as (q/q2N)
d, where q+q−1 = Tr(F ∗F ) and
qN + q
−1
N = N with 0 < qN , q < 1. We deduce that the map (13) cannot be bounded on
the reduced character algebra if we have q2N > q. Since the latter condition is equivalent
to q + q−1 < q2N + q
−2
N = N
2 − 2, we conclude that L∞(G) cannot be injective if one has
N2 > Tr(F ∗F ) + 2.
Remark 29. We remark that the above consideration is based on the argument of [4,
Theorem 4.5], which says that the central functional ω(u
(pi)
ij ) = δij dim(π)/ dimq(π) defines
a state on Cr(G) if L
∞(G) is injective. For G = SUq(2), this is precisely the state ψ0
which appeared in Section 3.
6 Central states and the Drinfel’d double
The centrality of the states in the proof of Proposition 10 has a more conceptual expla-
nation. As explained in [41, Section 4], the representations ωt of O(SUq(2)) extend to
representations of the Drinfel’d double of SUq(2). The aim of this section is to clarify the
correspondence between central states on a compact quantum group and representations
of its quantum double in the general setting.
Let G be a compact quantum group. Recall that the linear dual O(G)∗ of O(G) becomes a
∗-algebra by (5). We consider a subalgebra cc(Ĝ) of O(G)∗ given by all linear functionals
of the form
y  ϕ : x 7→ ϕ(xy) ∈ O(G).
It forms a (non-unital) associative ∗-subalgebra of the space O(G)∗. This ∗-algebra is
isomorphic to a direct sum of finite-dimensional matrix algebras. In particular, ϕ becomes
a minimal self-adjoint central projection, with ϕω = ω(1)ϕ = ωϕ.
The natural pairing between O(G) and cc(Ĝ) leads to the notion of the Drinfel’d double.
This is a (non-unital, associative) ∗-algebra structureOc(D̂(G)) with the underlying vector
space O(G) ⊗ cc(Ĝ), such that the natural embeddings of O(G) and cc(Ĝ) become ∗-
subalgebras (of its multiplier algebra), and such that following interchange law is satisfied:
ω( · x(2))x(1) = x(2)ω(x(1) · )
where we denote elementary tensors as xω. Note that the above interchange law implies
the relation
ωx = x(2)ω(x(1) · S(x(3))).
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The above ∗-algebra can in fact be made into a ∗-algebraic quantum group [18] by means
of the tensor coproduct. It therefore admits a universal C∗-envelope Cu0 (D̂(G)) [27] (one
can prove this more directly for this particular case). Symbolically, the locally compact
quantum group D(G) such that Oc(D̂(G)) is the convolution algebra of D(G) is called the
Drinfel’d double of G. The D(G)-modules (that is, the Oc(D̂(G))-modules) are equivalent
to the G-Yetter–Drinfeld modules [28].
For every linear functional ω on O(G), we define a linear functional ω˜ on Oc(D̂(G)) by
ω˜(xθ) = θ(1)ω(x). Then, ω 7→ ω˜ defines an embedding of O(G)∗ into Oc(D̂(G))∗, which
we denote by Ind. Note that the image of Ind can be characterized as the set of elements
ω˜ such that ω˜(a) = ω˜(aϕ) for all a ∈ Oc(D̂(G)).
Theorem 30. A unital linear functional ω on O(G) is a central state if and only if
ω˜ = Ind(ω) is positive on Oc(D̂(G)).
Proof. Let ω be a central state on O(G). Then, for every y ∈ O(G) and θ, γ ∈ cc(Ĝ), we
compute
ω˜(θ∗yγ) = ω˜(y(2)θ∗(y(1) · S(y(3)))γ) = ω(y(2))θ∗(y(1)S(y(3)))γ(1).
By centrality of ω, the right-hand side is equal to θ(1)γ(1). Hence, we get
ω˜
((∑
i
xiθi
)∗(∑
i
xiθi
))
=
∑
i,j
ω(x∗ixj)θi(1)θj(1)
= ω
((∑
i
θi(1)xi
)∗(∑
i
θi(1)xi
))
,
which is positive by assumption on ω.
Conversely, assume that ω is a unital linear functional such that Ind(ω) = ω˜ is positive.
As noticed already, ω˜(a) = ω˜(aϕ) for all a ∈ Oc(D̂(G)). As Oc(D̂(G))2 = Oc(D̂(G)) and
ω˜ is positive, we see that ω˜ is Hermitian. Hence, ω˜(ϕa) = ω˜(a) for all a ∈ Oc(D̂(G)). In
particular, ω˜(ϕx) = ω(x) for all x ∈ O(G). As ω(x∗x) = ω˜(ϕx∗xϕ) for x ∈ O(G), we see
that ω is positive.
Let us show the centrality of ω. Using the Hermitian property, one has
ω˜(ψx) = ω˜(x∗ψ∗) = ψ(1)ω(x) x ∈ O(G).
Combining this with the interchange law, we obtain
(θω)(x) = ω˜(θ( · x(2))x(1)) = ω˜(x(2)θ(x(1) · )) = (ωθ)(x).
As the pairing between O(G) and cc(Ĝ) is non-degenerate, it follows that ω is central.
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It is not difficult to show that the ∗-representation of Oc(D̂(G)) in its GNS-representation
with respect to any positive functional is necessarily bounded. It hence follows that the
problem of finding central states on O(G) is equivalent to the problem of finding ∗-
representation of Cu0 (D̂(G)) admitting a ϕ-fixed vector.
Remark 31. The C∗-algebra Cu0 (D̂(SUq(2))) may be interpreted as the universal enveloping
C∗-algebra of the quantum Lorentz group SLq(2,C) [30]. The representations of Voigt
which appear in Proposition 10 could thus be interpreted as representations of SLq(2,C),
which are analogues of the complementary series representations of SL(2,C). To the best
of our knowledge, the full representation theory of SLq(2,C) is not completely understood
yet.
Remark 32. There is no analogue of Theorem 30 for non-positive, bounded central func-
tionals on O(G) (with respect to the universal C∗-norm). Indeed, one can show that there
is a ∗-isomorphic copy of the character algebra of G inside O(D̂(G)), given by sending
χpi =
∑
r u
(pi)
rr to σ−i/2(χpi)ϕ, where σ−i/2(upirs) = Q
1/2
pi,rQ
1/2
pi,su
(pi)
rs . For the case of G = SUq(2),
combining the results of this section with the ones from section 3, one can then show that
the resulting C∗-algebra closure of the character algebra inside O(D̂(G)) is isomorphic to
C(−|q + q−1|, |q + q−1|). It follows from this that the functional θz of Theorem 11 does
not extend to a bounded functional on Cu0 (D̂(SUq(2))) when z is not real. This implies
that a bounded central functional on O(G) (with respect to the universal norm) does not
always decompose into a linear combination of central states.
Appendix
Fullness and factoriality for the free unitary quantum
group von Neumann algebras
by Stefaan Vaes
In the following, F is an arbitrary invertible complex matrix. Using [2], the equiva-
lence classes of irreducible objects of Rep(U+F ) can be identified with the free semigroup
N⋆N generated by α and β, respectively corresponding to the generating corepresentation
and to its contragredient. The duality on Rep(U+F ) is encoded as the antimultiplicative
involution w 7→ w¯ on N ⋆ N induced by α¯ = β. The fusion rules of Rep(U+F ) are given by
w · v =
∑
xy=w,y¯z=v
xz,
where xy denotes the usual concatenation product of x and y in N ⋆ N.
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We consider the GNS Hilbert space L2(U+F , ϕ) with respect to the Haar state ϕ on L(FUF )
and we view L(FUF ) as a vector subspace of L
2(U+F , ϕ). So we have 〈a, b〉 = ϕ(b∗a) for
all a, b ∈ L(FUF ).
For every x ∈ N ⋆ N, we fix a corepresentation Ux ∈ B(Hx) ⊗ L(FUF ) representing x.
Using the orthogonality relations (1), we find positive invertible matrices Qx ∈ B(Hx)
such that Tr(Qx) = dimq(x) = Tr(Q
−1
x ) and such that the corresponding state ωx on
B(Hx) given by ωx(T ) =
1
dimq(x)
Tr(TQ−1x ) satisfies
(ι⊗ ϕ)(U∗x(T ⊗ 1)Ux) = ωx(T )1 for all T ∈ B(Hx) .
The modular automorphism group (σϕt )t∈R of ϕ is determined by
(id⊗ σϕt )(Ux) = (Qitx ⊗ 1)Ux(Qitx ⊗ 1) .
It then follows that
(ωx ⊗ ϕ)(Ux(1⊗ a)U∗x) = ϕ(a) for all a ∈ L(FUF ) . (14)
The scalar product 〈T, S〉 = ωx(S∗T ) turns B(Hx) into a Hilbert space that we denote as
Kx. For every t ∈ R, we define
V tx : L
2(U+F , ϕ)→ Kx ⊗ L2(U+F , ϕ) : V txa 7→ (ι⊗ σϕt )(Ux)(1⊗ a)U∗x .
Using (14), it follows that V tx is an isometry.
The following analogue of Puka´nszky’s 14ǫ-argument is the key to the fullness and facto-
riality of L(FUF ) and also provides the computation of the Sd-invariant of L(FUF ).
Proposition 33. For all a ∈ L(FUF ) and t ∈ R, we have
‖a− ϕ(a)1‖2,ϕ ≤ 14max
(∥∥1⊗ a− V tαβa∥∥ , ∥∥1⊗ a− V tα2βa∥∥ , ∥∥1⊗ a− V tβαa∥∥) ,
with the norms at the right hand side being the Hilbert space norms on Kx ⊗ L2(U+F , ϕ).
Proof. For every x ∈ N ⋆N, we denote by Cx ⊂ L(FUF ) the linear span of all the matrix
coefficients of Ux. For every v ∈ N ⋆ N, we then define Hv as the closed linear span of all
Cvw, w ∈ N ⋆ N. By construction,
V txCy ⊂ span{Kx ⊗ Cz | z ∈ N ⋆ N appears in x · y · x} . (15)
It follows that V tβα(Hα) ⊂ Kβα ⊗Hβ.
Fix a ∈ L(FUF ) and t ∈ R. Decompose a in the orthogonal decomposition L2(U+F , ϕ) =
C1⊕Hα ⊕Hβ as
a = aε + aα + aβ where aε = ϕ(a)1, aα ∈ Hα, aβ ∈ Hβ .
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Write
M = max
(∥∥1⊗ a− V tαβa∥∥ , ∥∥1⊗ a− V tα2βa∥∥ , ∥∥1⊗ a− V tβαa∥∥) .
Observe that
|〈1⊗ aβ − V tβαaα, V tβαaα〉|
≤ |〈1⊗ a− V tβαa, V tβαaα〉|+ |〈1⊗ (aε + aα)− V tβα(aε + aβ), V tβαaα〉| (16)
Because V tβα(Hα) ⊂ Kβα⊗Hβ , we get that 1⊗ (aε+aα) is orthogonal to V tβαaα. Since V tβα
is an isometry, we also have that V tβα(aε+ aβ) is orthogonal to V
t
βαaα. So the last term of
(16) is zero and we conclude that
|〈1⊗ aβ − V tβαaα, V tβαaα〉| ≤M‖aα‖2,ϕ ≤M‖a− ϕ(a)1‖2,ϕ . (17)
Writing 1⊗ aβ as the sum of 1⊗ aβ − V tβαaα and V tβαaα, it follows that
‖aβ‖22,ϕ ≥ ‖aα‖22,ϕ − 2M ‖a− ϕ(a)1‖2,ϕ . (18)
Next, define the isometries V t1 , V
t
2 : L
2(U+F , ϕ) → Kαβ ⊗ Kα2β ⊗ L2(U+F , ϕ) by setting
V t1 ξ = (V
t
αβξ)13 and V
t
2 ξ = (V
t
α2βξ)23. It follows from (15) that V
t
1 (Hβ) and V
t
2 (Hβ) are
orthogonal. Using (17) with the roles of α and β interchanged, we then get that
|〈1⊗ 1⊗ aα − V t1 aβ − V t2 aβ, V t1 aβ〉| = |〈1⊗ 1⊗ aα − V t1 aβ, V t1 aβ〉|
= |〈1⊗ aα − V tαβaβ, V tαβaβ〉| ≤ M‖a− ϕ(a)1‖2,ϕ .
We similarly have that
|〈1⊗ 1⊗ aα − V t1 aβ − V t2 aβ, V t2 aβ〉| ≤M‖a− ϕ(a)1‖2,ϕ .
Writing 1⊗ 1⊗ aα as the sum of V t1 aβ, V t2 aβ and 1⊗ 1⊗ aα − V t1 aβ − V t2 aβ, the previous
two estimates, together with the orthogonality of V t1 aβ and V
t
2 aβ , imply that
‖aα‖22,ϕ ≥ 2‖aβ‖22,ϕ − 4M‖a− ϕ(a)1‖2,ϕ . (19)
Combining the inequalities in (18) and (19), it follows that
‖aα‖22,ϕ ≥ 2‖aα‖22,ϕ − 8M ‖a− ϕ(a)1‖2,ϕ and
‖aβ‖22,ϕ ≥ 2‖aβ‖22,ϕ − 6M ‖a− ϕ(a)1‖2,ϕ .
Adding up these inequalities and using that ‖aα‖22,ϕ+‖aβ‖22,ϕ = ‖a−ϕ(a)1‖22,ϕ, we finally
get that
‖a− ϕ(a)1‖2,ϕ ≤ 14M .
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Let M be a von Neumann algebra with separable predual. The group AutM of automor-
phisms of M is a Polish group, with αn → α if and only if ‖ωαn − ωα‖ → 0 for every
ω ∈ M∗. When the group of inner automorphisms InnM is a closed subgroup of AutM ,
the von Neumann algebra M is said to be full. A bounded sequence (xn) in M is called a
central sequence if for every y ∈M , we have that xny− yxn → 0 in the strong∗-topology.
The bounded sequence (xn) is called a strongly central sequence if ‖ωxn − xnω‖ → 0
for every ω ∈ M∗. By [12, Theorem 3.1], M is full if and only if every strongly central
sequence (xn) in M is trivial, meaning that there exists a bounded sequence zn in the
center of M such that xn − zn → 0 in the strong∗-topology.
A normal semifinite faithful (n.s.f.) weight ψ on a von Neumann algebra M is called
almost periodic if the modular operator ∆ψ has pure point spectrum. A factor M is
called almost periodic if it admits an almost periodic n.s.f. weight. In that case, the
intersection of the point spectra of the modular operators ∆ψ of all almost periodic n.s.f.
weights ψ on M is a subgroup of R∗+ denoted by Sd(M) ; see [12, Definition 1.2].
Theorem 34. Any central sequence in L(FUF ) is asymptotically scalar. So the von
Neumann algebra L(FUF ) is a full and non-injective factor.
Denoting by Q the unique positive multiple of FF ∗ satisfying Tr(Q) = Tr(Q−1), the Sd-
invariant of L(FUF ) is the subgroup of R
∗
+ generated by the eigenvalues of Q⊗Q.
Proof. Write M = L(FUF ) and let (xn) be a central sequence in M . Applying Proposi-
tion 33 with t = 0, we conclude that ‖xn − ϕ(xn)1‖2,ϕ → 0. Since also (x∗n) is a central
sequence, also ‖x∗n − ϕ(x∗n)1‖2,ϕ → 0. Both together imply that xn − ϕ(xn)1 converges
to 0 in the strong∗-topology. So (xn) is asymptotically scalar. It follows that M is a full
factor. In particular, M is non-injective.
Denote by Λ ⊂ R∗+ the subgroup generated by the eigenvalues of Q⊗Q. Since the modular
group (σϕt )t∈R of the Haar state ϕ is given by
(id⊗ σϕt )(Ux) = (Qitx ⊗ 1)Ux(Qitx ⊗ 1) ,
it follows that ϕ is almost periodic and that the point spectrum Sd(ϕ) of the modular
operator of ϕ is contained in Λ. So Sd(M) ⊂ Sd(ϕ) ⊂ Λ.
It remains to prove that Λ ⊂ Sd(M). Since Sd(M) is a group, it suffices to prove that
Sd(ϕ) ⊂ Sd(M). By [12, Theorem 4.7], we can take an almost periodic n.s.f. weight
ψ on M such that Sd(M) = Sd(ψ). We apply [12, Proposition 1.1] to the subgroup
Sd(ψ) = Sd(M) of R∗+. In order to show that Sd(ϕ) ⊂ Sd(M), it then suffices to prove
the following statement : if tn is a sequence in R such that σ
ψ
tn → id in Aut(M), then
also σϕtn → id in Aut(M). Fix such a sequence tn. Put vn = [Dϕ : Dψ]tn . Then vn is a
sequence of unitaries in M such that (Adv∗n) ◦ σϕtn = σψtn → id.
We now use the notation of Proposition 33. Since convergence in Aut(M) implies point-
wise convergence in ‖ · ‖2,ϕ, it follows that for all x ∈ N ⋆ N and with respect to the
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Hilbert norm on Kx ⊗ L2(M,ϕ), we have
‖(id⊗ σϕtn)(Ux)(1⊗ vn)U∗x − 1⊗ vn‖ → 0 .
Applying Proposition 33 to a = vn, we get that ‖vn − ϕ(vn)1‖2,ϕ → 0. This means that
|ϕ(vn)| → 1. So we find a sequence λn ∈ C with |λn| = 1 for all n and |ϕ(vn)− λn| → 0.
It follows that ‖vn − λn1‖2,ϕ → 0. Since also |ϕ(v∗n) − λn| = |ϕ(vn) − λn| → 0, we also
get that ‖v∗n − λn1‖2,ϕ → 0. So we have proved that vn − λn1 converges to 0 in the
strong∗-topology. It follows that Advn → id in Aut(M). Since also (Adv∗n) ◦ σϕtn → id, we
conclude that σϕtn → id in Aut(M), and the theorem is proved.
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